Higher-order topological insulators (TIs) and superconductors (TSCs) give rise to new bulk and boundary physics, as well as new classes of topological phase transitions. While higher-order TIs have been actively studied on many platforms, the experimental study of higher-order TSCs has thus far been greatly hindered due to the scarcity of material realizations. To advance the study of higher-order TSCs, in this work we carry out the simulation of a two-dimensional spinless second-order TSC belonging to the symmetry class D in a superconducting qubit. Owing to the great flexibility and controllability of the quantum simulator, we observe the realization of higher-order topology directly through the measurement of the pseudo-spin texture in momentum space of the bulk for the first time, in sharp contrast to previous experiments based on the detection of gapless boundary modes in real space. Also through the measurement of the evolution of pseudo-spin texture with parameters, we further observe novel topological phase transitions from the second-order TSC to the trivial superconductor, as well as to the first-order TSC with nonzero Chern number. Our work sheds new light on the study of higher-order topological phases and topological phase transitions.
The bulk-boundary correspondence is a fundamental principle of topological phases of matter. Very recently, higherorder TIs and TSCs have attracted broad interest owing to their unconventional bulk-boundary correspondence [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In comparison to their conventional counterparts, also known as first-order TIs and TSCs [11, 12] , the unconventionality is manifested through the codimension of their gapless boundary modes. Concretely, the boundary modes of nth order TIs or TSCs have codimension n, with n = 1 and n ≥ 2 corresponding to the first-order and higher-order ones, respectively.
Two-and three-dimensional higher-order TIs have already been experimentally realized in many platforms, including photonic crystals [13] [14] [15] [16] , microwave resonators [17] , electric circuits [18, 19] , phononic metamaterials [20] [21] [22] [23] [24] , and a few electronic materials [25, 26] . In sharp contrast, higherorder TSCs have so far been little explored in experiment [27] , owing to the underlying difficulty in realizing this class of novel phases in real materials [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . While various classical systems, like the previously mentioned electric circuits and phononic metamaterials [18] [19] [20] [21] [22] [23] [24] , have played an active role in the experimental study of higher-order TIs, they generally fail to simulate higher-order TSCs as they lack the intrinsic particle-hole symmetry of superconductors. Moreover, thus far the experimental study of higher-order topological phases has been greatly restricted to the gapless boundary modes, novel physics directly related to the bulk, like topological phase transitions, has still been little explored in experiment [47] . Particularly, we notice that a novel class of topological phase transitions, which take place between higherorder and first-order topological phases within the same symmetry class, have yet to be investigated experimentally.
While the topological invariant is defined by the bulk Hamiltonian [48] , the experimental detection of topological phases, both first-order and higher-order, has been greatly relying on the observation of the existence of gapless bound-ary modes, simply because of that a direct detection of the bulk topological invariant is generally quite difficult as it requires to know the ground-state wave functions. Nevertheless, exceptions exist. When the underlying system is described by a two-by-two Hamiltonian, e.g., H(k) = d(k) · σ with σ = (σ x , σ y , σ z ) the Pauli matrices, it is known that the topological property can be simply read from the spin (or pseudo spin in general) texture in the Brillouin zone (BZ) [49] [50] [51] [52] . One celebrated example is the Qi-Wu-Zhang model [53] , which describes a quantum anomalous Hall insulator when the spin texture realizes a Skyrmion configuration.
In this work, we carry out the simulation of a twodimensional spinless second-order TSC in a single superconducting qubit. By mapping the momentum space of the simulated two-band Bogoliubov-de Gennes (BdG) Hamiltonian to the parameter space of the qubit Hamiltonian, we are able to determine the pseudo-spin texture in the whole BZ with a combinational use of quantum-quench dynamics and quantum state tomography (QST). Through the evolution of pseudospin texture with parameters, we not only observe the topological phase transitions between second-order TSCs and trivial superconductors, but also observe the ones between secondorder and first-order TSCs within the same symmetry class for the first time.
Theoretical model.-A spinless superconductor can be described by a two-band BdG Hamiltonian, H =
where (k) = (−k) describes the energy of the normal state measured from the chemical potential, and ∆(k) is the pairing order parameter, which satisfies ∆(k) = −∆(−k) due to the Fermi-Dirac statistics. The two-band form of the BdG Hamiltonian can be rewritten in terms of the Pauli matrices arXiv:2001.03933v1 [cond-mat.supr-con] 12 Jan 2020
with d x (k) − id y (k) = ∆(k), and d z (k) = (k). Apparently, d x and d y are odd under inversion, while d z is even. In a recent work, one of us revealed that when the threecomponent d = (d x , d y , d z ) vector is constructed by a Hopf map, the resulting two-band BdG Hamiltonian provides a minimal-model realization of second-order TSC [54] . Concretely, the Hopf map is
Remarkably, this model has a simple phase diagram similar to the Benalcazar-Bernevig-Hughes model [1] . That is, when |λ 1,2 | < 1, it realizes a second-order TSC, otherwise it describes a trivial superconductor. However, a fundamental difference lies between this model and the Benalcazar-Bernevig-Hughes model. For the latter, it belongs to either the class BDI or AI (depending on whether an onsite potential is present or not) of the Altland-Zirnbauer classification [55] [56] [57] , so it cannot realize first-order topological phases. In contrast, the former belongs to the class D whose first-order topology is known to be characterized by the first Chern number [58] , therefore, in principle it allows the realization of first-order TSCs, as well as topological phase transitions between second-order and first-order TSCs.
Based on the above recognition, we lift the strong constraint imposed by the Hopf map by introducing a new free parameter. For concreteness, we write down d x,y,z explicitly, which read dx(k) = 2λ1 sin kx + 2λ2 sin ky + sin 2kx + sin 2ky, dy(k) = 2λ1 sin ky − 2λ2 sin kx + 2 sin(ky − kx), dz(k) = 2λ1 cos kx + 2λ2 cos ky + cos 2kx + cos 2ky −µ, (3) where µ denotes the chemical potential and is the free parameter. If we fix µ = −(λ 2 1 +λ 2 2 ), the above Hamiltonian reduces to the one in Ref. [54] . As we will show shortly, this generalized Hamiltonian has a richer phase diagram, most importantly, it allows novel topological phase transitions between second-order and first-order TSCs.
According to Eqs. (2) and (3), it is readily found that besides the particle-hole symmetry (PH BdG (k)P −1 = −H BdG (−k) with P = σ x K and K the complex conjugation), this Hamiltonian also has inversion symmetry (IH BdG (k)I −1 = H BdG (−k) with I = σ z ), which makes the determination of topological property greatly simplified. Concretely, the topological property can be simply revealed by the relative configuration between d z (k) = 0 (known as Fermi surface (FS) for superconductors) and d x (k) = d y (k) = 0 (known as Dirac pairing nodes). For the first-order topology, the parity of Chern number C is directly tied to the number of FS N FS , namely (−1) C = (−1) NFS [59] , indicating that a gapped superconductor with an odd number of FS must have nontriv- ial first-order topology. This fact also indicates that the realization of second-order TSCs requires the number of FS to be even. Of course, only meeting this condition is not sufficient. As pointed out in Ref. [54] , removable Dirac pairing nodes (not pinned at any specific momentum) is also required to be present within or between the disconnected Fermi surfaces (FSs) so that the superconductor cannot be continuously deformed to the trivial phase (no FS) without the closure of bulk gap.
Quench dynamics.-While the Hamiltonian (Eq. (2)) is simple in its form, it is not easy to be realized in an electronic material as the pairing is of p-wave nature whose material realization is rare in nature. Remarkably, the great flexibility and controllability of a superconducting qubit provides an ideal access to study this two-band BdG Hamiltonian. With this recognition, we simulate the Hamiltonian in a superconducting qubit and take advantage of the QST to determine the underlying pseudo-spin texture. Futhermore, the band topology of an equilibrium Hamiltonian can be characterized by the dymanical classification of topoligical quantum phases with quantum quench [60] [61] [62] [63] . Concretely, we first prepare the qubit to stay in |ψ i (k, t) , the eigenstate of σ z , i.e., σ z |ψ i (k, t) = −|ψ i (k, t) . Such a choice corresponds to the ground state of H BdG (k) in the limit λ 1,2 → ∞ for which the Hamiltonian is trivial in topology (see Fig. 1(a) ). Next, we suddenly quench the system at t = 0 by a microwave pulse Ω(t) = Ω cos((ω 01 +δ)t+φ), with amplitude Ω = d 2
x + d 2 y , phase φ = arctan (d y /d x ), and frequency detuning δ = d z (see Fig. 1 (c)(d)), then the state will follow unitary evolution, i.e.,
takes the form we desire to simulate.
After the quench, the pseudo-spin polarization, defined as P(k, t) = ψ f (k, t)|σ|ψ f (k, t) , will precess on the Bloch sphere (see illustration in Fig. 1 ) around the direction of d(k). In experiment, the evolution of P(k, t) can be measured by QST. Interestingly, it was shown in Ref. [60] that the timeaveraged pseudo-spin polarization is directly related to d(k). To obtain this quantity, here we flatten the Hamiltonian as
the eigenenergy of H f (k) (such a procedure does not change the underlying topological properties), so that the time of evolution is identical for each k [63, 64] . By doing so, we find that only two periods are sufficient to obtain a trustworthy value of the time-averaged pseudo-spin polarization (see Supplemental Material (SM) for a detailed discussion). The result reads
where P i with i = x, y, z represent the three components (as shown in Fig. 1(d-f) ). It is immediately seen that the FS determined by d z = 0 corresponds to P z = 0, and the Dirac pairing nodes determined by d x = d y = 0 can be extracted from P x = P y = 0 after the contour P z = 0 is determined. Topological phase transitions between second-order TSCs and trivial superconductors.-Our experiments were performed using Xmon type of superconducting qubits (see SM for details of samples and experimental setup). We first show the experimental results for the case with µ fixed to −(λ 2 1 + λ 2 2 ), accordingly, the phase diagram of the simulated Hamiltonian contains only two distinct phases, a second-order TSC and a trivial superconductor [54] . Let us focus on some specific points in the parameter space at first. As shown in Fig. 2 (a), when we set λ 1 = λ 2 = λ = −0.5, there are two disconnected contours that satisfy P z = 0, indicating the presence of two disconnected FSs in the BZ. Figure 2 (b) shows the corresponding texture of (P x , P y ). It is readily seen that there are four vortices and four antivortices in the BZ whose cores correspond to P x = P y = 0, with half of them located at time-reversal invariant momenta, and the other half located at some generic momenta between the two contours for P z = 0. As discussed above, these vortices and antivortices refer to the Dirac pairing nodes, and the four at generic momenta represent the removable ones which are crucial for the realization of the second-order TSC [54] . By fixing λ 2 = −0.5 and decreasing λ 1 , we find that the removable vortices and antivortices move toward each other in pair and then annihilate on the k x = 0 line when λ 1 reaches the critical value λ 1 = −1, as shown in Fig. 2 (c)-(g). After the annihilation, the two contours for P z = 0 can continuously move together and then annihilate without crossing any other vortices, indicating that the annihilation of removable vortices and antivortices corre- sponds to a topological phase transition from the second-order TSC to the trivial superconductor.
To further confirm the topological phase transition, we tune the parameter to satisfy λ 1 = λ 2 = λ. Accordingly, the simulated Hamiltonian is expected to have chiral symmetry on the two lines k x = ±k y , and its topological property can be fully characterized by the winding number defined on these two high symmetry lines [54] . As the winding number defined on them are equal, here we focus on the line k x = k y , where the winding number is given by Figure 3 shows the results along the k x = k y = k line (see SM for the k x = −k y case). According to the observed (P x , P z ) presented in Fig. 2(a) and (b), we successfully extract the dependence of (d x , d z ), and so the winding number, on λ, as shown in Fig. 3(c) . Geometrically, the winding number corresponds to the number of cycles that the vector (d x , d z ) winds around the origin (d x = 0, d z = 0) when k varies from −π to π [65] . As the vector (d x , d z ) is found to wind the origin twice when |λ| < 1, the geometric interpretation suggests W n = 2; in contrast, when |λ| > 1, no complete cycle is observed when k traverses across the BZ, suggesting W n = 0, as depicted on the right side of Fig. 3(c) . We have also calculated the winding number by following Eq. (5) and using the experimentally obtained values of d x and d z , with the results presented in Fig. 3(d) (the blue circles). It is readily seen that the experimental results, while displaying certain fluctuations due to the finite discretization of the BZ, are overall in good agreement with the theoretical expectation (the pink line). In Fig. 3(d) , we also present the evolution of (P x , P y ) and the contours for P z = 0. As here we set λ 1 = λ 2 = λ, one can see that the four removable vortices and antivortices of (P x , P y ) move in a symmetrically all-inward or all-outward way with the variation of λ and the change of winding number, or say topological phase transition, is exactly associated with the annihilation of them at the time-reversal invariant momentum, (0, 0) for λ = −1 and (π, π) for λ = 1.
Topological phase transitions between second-order and first-order TSCs.-When the chemical potential µ becomes variable, the number of FSs is no longer limited to be even, as a result, first-order TSC phases become possible [59] . For the situation with λ 1 = λ 2 = λ, the phase diagram of the simulated Hamiltonian is presented in Fig. 4(a) . The firstorder TSC in the phase diagram has Chern number C = 1 as it has only one FS within which the numbers of vortices and antivortices differ by one. Before proceeding, we emphasize that the topological phase transitions between second-order and first-order TSCs and the ones between second-order TSCs and trivial superconductors display fundamental difference. As shown in Fig. 2 , the latter can be achieved by simply annihilating the removable vortices and antivortices, which does not need the closure of bulk gap. In sharp contrast, the closure of bulk gap is inevitably associated with the former as they involve the change of first-order topology.
It is readily seen from Fig. 4(a) that the desired topological phase transitions between second-order and first-order TSCs can be achieved by appropriately varying λ or µ. Without loss of generality, we fix λ = −0.5 and vary µ in a broad regime (see the blue dashed line in Fig. 4(a) ). Accordingly, the configuration of vortices and antivortices is expected to be intact and only the FS will change. As here the first-order TSC with C = 1 has a corresponding W n = 1, in the experiment we keep using the observed pseudo-spin texture on the k x = k y line to extract the topological invariants, as well as the topological phase transitions. Figure 4(b) shows the pseudo-spin texture of (d x , d z ) on the k x = k y line extracted from the observed (P x , P z ). Also according to the number of cycles that the vector (d x , d z ) winds around the origin, we find W n = 2 for −2 < µ < 0 (secondorder TSC), W n = 1 for 0 < µ < 4 (first-order TSC), and W n = 0 otherwise (trivial superconductor). In Fig. 4(c) , the W n deduced experimentally using Eq. (5) (the blue circles) is presented. It is readily seen that the experimentally obtained topological invariants are also in good agreement with the theoretical expectation (the pink line). For the sake of completeness, we also show the pseudo-spin texture near the critical point (µ = 0) of the topological phase transition between the second-order and first-order TSCs in Fig. 4(c) . One can see from the insets of Fig. 4(c) that when µ = −0.1, P z = 0 has two disconnected contours; at the critical point µ = 0, the smaller one contour shrinks to a point and coincides with the time-reversal invariant momentum (0, 0), which leads to the closure of bulk gap; when µ = 0.1, the smaller one contour completely disappears and only the larger one remains. Both the evolution of pseudo-spin texture and the change of topological invariant on the high symmetry line confirm the realization of topological phase transitions between second-order and first-order TSCs.
Discussions and Conclusions.-In summary, we have simulated a second-order topological superconducting phase in a controllable superconducting qubit and observed novel topological phase transitions between this phase and a trivial superconductor, as well as the first-order TSC within the same symmetry class. Our work opens new opportunities for the experimental study of higher-order topological phases. A direction forward is to investigate the interaction effects and the nonequlibrium properties of quenched or driven higher-order topological phases. 
I. TIME-AVERAGED PSEUDO-SPIN POLARIZATION
In the experiment, we start with the trivial ground state |ψ(k, t) corresponding to the limiting situation λ 1,2 → ∞. That is, |ψ(k, t) is an eigenstate of σ z , i.e., σ z |ψ(k, t) = −|ψ(k, t) . At a time (we take it as the reference time t = 0), we suddenly quench the system by a microwave pulse, then the state will follow unitary evolution, with
where T stands for time-ordering operator and H f (k) = d(k) · σ takes the form to simulate. After the quench, the pseudo-spin polarization, which is defined as P(k, t) = ψ f (k, t)|σ|ψ f (k, t) , evolves with time. Below we show when the spectra of H f (k) are flatten, that is
, the pseudo-spin polarization becomes time periodic and its average value over one period has a simple relation with the d vector.
For the flattened Hamiltonian, we have
then
, σ]|ψ(k, 0) .
The expression for time-averaged pseudo-spin polarization in Eq.(4) of the main text is obtained by
By using ψ(k, 0)|σ z |ψ(k, 0) = −1 and ψ(k, 0)|σ x,y |ψ(k, 0) = 0, a further step leads to the final expression
.
(S5)
II. PHASE DIAGRAM
Here we provide the details about the determination of the λ-µ phase diagram. Considering λ 1 = λ 2 = λ, the three components of the d vector are given by 
For this Hamiltonian, the change of first-order topology is associated with the change of the parity of the Fermi surface (FS) number. One can readily find that it takes place at the two time-reversal momenta, (0, 0) and (π, π). Therefore, there are two critical µ for the topological phase transitions between first-order topological phases and other phases. The critical µ should lead d z to satisfy d z (0, 0) = 0 or d z (π, π) = 0. Accordingly, we find
As there is only one FS when µ ∈ (−4|λ|+2, 4|λ|+2), the regime (−4|λ|+2, 4|λ|+2) corresponds to the first-order topological superconducting phase. When the parity of the FS number is even and one of the FS crosses the four removable Dirac pairing nodes (symmetry enforces that the crossing takes place simultaneously for the four removable Dirac pairing nodes), the system undergoes a topological phase transition between second-order topological superconducting phases and other phases. As ∆(k) = d x (k) − id y (k) = 2[(cos k x + λ) + i(cos k y + λ)](sin k x − i sin k y ), it is readily found that the four removable Dirac pairing nodes are located at (k x;± , k y,± ) = (±(π − arccos λ), ±(π − arccos λ)). At these four momenta, d z (k x;± , k y,± ) = −2 − µ, and we obtain another critical value for µ when |λ| < 1, which is
The three phase boundaries divide the phase diagram into three topologically distinct regimes, as shown in Fig. S1 .
FIG. S1. The calculated winding number Wn with varying λ and µ.
Let us now focus on the two high symmetry lines with k x = ±k y , on which the Hamiltonian is reduced to
where k +(−) represents the momentum on the line k x = (−)k y . As {H(k + ), σ y } = 0 and {H(k − ), σ x } = 0, the two reduced Hamiltonians both have chiral symmetry so their topological properties are characterized by the winding number, which can be written down compactly as
where C + = σ y and C − = σ x represent the respective chiral operators. If in terms of the d vector, we have
Depending on the choice k − = k x = −k y or k − = k y = −k x , we have either W n;+ = W n;− or W n;+ = −W n;− . As only the absolute value of winding number does not depend on the choice, throughout the whole paper, we only care about the absolute value. A simple numerical calculation reveals that W n;± = 1 for the first-order topological superconducting phase, W n;± = 2 for the second-order topological superconducting phase, and W n;± = 0 for the trivial superconducting phase, suggesting that the winding number can fully distinguish all phases from each other.
III. PSEUDO-SPIN POLARIZATION DETERMINED IN EXPERIMENT
To demonstrate that quantum state tomography (QST) can faithfully determine the spin polarization, in this part we show the spin polarizations measured in experiment and those predicted according to the theoretical model together for comparison. For the sake of concreteness, we consider a sudden quench from λ → ∞ (trivial) to λ = −0.5 and µ = −1.5 (second-order TSC) and focus on the pseudo-spin polarization on the high symmetry line k x = k y , on which d y = 0 and so the y-component of the time-averaged pseudo-spin polarization is zero. As we are only interested in the time-averaged pseudo-spin polarization, in this part we will only show the evolution of P x (k, t) and P z (k, t) whose time average are expected to be nonzero. Fig.S2(a)(b) show the evolution of the xand z-components of the pseudo-spin polarization with time predicted by theory, and Fig.S2(c)(d) show the respective evolutions measured by QST. It is readily seen that the experimental results agree very well with the predicted values. Fig.S2(c) According to the measured experimental data, we present the time-averaged pseudo-spin polarization in Fig.S2 (e)(f). d x and d z can then be extracted from the experimental results in Fig.S2 (e)(f). Fig.S2(g) shows the winding behavior of the twocomponent vector (d x , d z ) across the Brillouin zone. It is easy to see that the two-component vector undergoes two complete cycles of winding when k goes from −π and π, suggesting W n = 2 and so the realization of the second-order topological superconducting phase.
IV. REMOVABLE DIRAC PAIRING NODES AND TOPOLOGICAL PHASE TRANSITIONS BETWEEN SECOND-ORDER TSCS AND TRIVIAL SUPERCONDUCTORS
In this part, we provide more experimental data for the case with µ = −λ 2 1 −λ 2 2 . As mentioned in the main text, because of the constrain from the Hopf map, this case has only two topologically distinct phases, the second-order topological superconducting phase for |λ 1,2 | < 1, and the trivial superconducting phase otherwise.
Focusing on λ 1 = λ 2 = λ, we tune λ from −1.2 to 1.2. In Fig. S3 , (a1)-(i1) on the left panel show the evolution of P z , and (a2)-(i2) on the right panel show the evolution of (P x , P y ). It is readily seen that when λ goes across λ c,l = −1 from below, two vortices and two antivortices emerge. With the further increase of λ, their positions move away from the time-reversal invariant momentum (0, 0) in a symmetric way, while keeping located between the two contours for P z = 0. When λ reaches λ c,u = 1, the four movable vortices and antivortices coincide at the time-reversal invariant momentum (π, π) and then annihilate with each other. At λ = ±1, it seems that there is only one contour satisfying P z = 0 (see (b1) and (h1)). In fact, this corresponds to the critical situation for which one of the contour is shrunk to a zero-size point (the time-reversal invariant momentum (0, 0) for λ = −1 and (π, π) for λ = 1). In Fig. S4 , we show the pseudo-spin texture on the high symmetry line k x = −k y . As d x vanishes on this line, the winding number is determined by the structure of (d y , d z ). As expected, the winding number is found to be W n = 2 in the regime −1 < λ < 1, and W n = 0 when λ < −1 or λ > 1, suggesting that the presence of removable vortices (or say Dirac pairing nodes) is crucial for the realization of second-order topological superconducting phase.
V. THE CHANGE OF PSEUDO-SPIN TEXTURE ACROSS TOPOLOGICAL PHASE TRANSITIONS
In this part, we provide a better view of the change of pseudo-spin texture across topological phase transitions. Here we still consider the case discussed in the main text. That is λ = −0.5. For this case, the critical points correspond to µ = −2, 0 (that is 4λ + 2), 4 (that is −4λ + 2). The pseudo-spin textures near these three critical points are presented in Fig. S5 . From the results, it is readily found that when µ < −2, the two-component vector (d x , d z ) does not wind a complete cycle when k (k = k x = k y ) goes from −π to π, suggesting W n = 0; when −2 < µ < 0, the two-component vector (d x , d z ) is found to be able to wind the cycle completely when k goes from −π to π, and the time of complete-cycle winding is found to be 2, suggesting W n = 2; when 0 < µ < 4, the two-component vector (d x , d z ) is also found to be able to wind the cycle completely, but the time of complete-cycle winding is changed to 1, suggesting W n = 1; when µ > 4, again the two-component vector (d x , d z ) does not wind a complete cycle, suggesting that the system returns the trivial superconducting phase with W n = 0. Figure S6 shows the optical image of our Xmon qubit for experiments. The microwave pulse, with amplitude Ω and frequency ω d = ω 01 + δ (δ is detuning), is applied to the qubit through the XY-drive line, and the qubit frequency is tuned through the Z-control line. A λ/4 resonator (its frequency is ω r /2π = 6.8308 GHz) is dispersively coupled to the Xmon qubit for readout, and the state of the qubit can be deduced by measuring the transmission coefficient S 21 of the transmission line [S1-S3].
VI. INFORMATION OF SAMPLES AND EXPERIMENTAL SETUP
We would like to note that all data except for Fig. S4 presented in this work were obtained from one superconducting Xmon qubit. The qubit frequency is f 10 = ω 01 /2π = 5.04 GHz, and the relaxation and dephasing times at this frequency are
